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TOPOLOGICALLY EQUISINGULAR DEFORMATIONS OF 
HOMOGENEOUS HYPERSURFACES WITH LINE SINGULARITIES 

ARE EQUIMULTIPLE 

CHRISTOPHS EYRAL 


Abstract. We prove that if {//} is a family of line singularities with constant 
Le numbers and such that /q is a homogeneous polynomial, then {/,} is equimul¬ 
tiple. This extends to line singularities a well known theorem of A. M. Gabrielov 
and A. G. Kusnirenko concerning isolated singularities. As an application, we 
show that if {/,} is a topologically "Y -equisingular family of line singularities, 
with /o homogeneous, then {/,} is equimultiple. This provides a new partial 
positive answer to the famous Zariski multiplicity conjecture for a special class 
of non-isolated hypersurface singularities. 


1. Introduction 

Let z := (zi,... ,z„) be linear coordinates for C" {n> 2), and let 
/o: (e,0)^(C,0), z^/o(z), 

be a homogeneous polynomial function. We suppose that /o is reduced at 0. A 
deformation of /o is a polynomial function 

/: (CxC",Cx{0})^(C,0), (i,z)^/(t,z), 

such that the following two conditions hold: 

(1) /(0,z) = /o(z) for any z G C”; 

(2) if we write /? (z) := f{t,z), then each ft is reduced at 0 . 

Thus a deformation of /o may be viewed as a 1-parameter family of polynomial 
functions f locally reduced at 0 and depending polynomially on the parameter t. 
(Note that, by definition, f (0) = /(t, 0) = 0 for any t € C.) In this paper, we are in¬ 
terested in the embedded topology of the hypersurfaces V [ft) := (0) in a neigh¬ 

bourhood of the origin 0 G C” as the parameter t varies from t = tq 7 ^ 0 to t = 0. 

In lUl, A. M. Gabrielov and A. G. Kusnirenko proved the following theorem. 

Theorem 1.1 (Gabrielov-Kusnirenko). Assume that fo is a homogeneous polyno¬ 
mial function with an isolated singularity at the origin. Also, suppose that thefam- 
ily {ft} is a jX-constant deformation of fo—that is, for any parameter t sufficiently 
small, the function f has an isolated singularity at 0 and the Milnor number of ft 
at 0 is independent oft. Under these conditions, the family {f} is equimultiple — 
that is, the multiplicity of ft at 0 is independent of t for all sufficiently small t. 
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Here, by the multiplicity of ft at 0 (denoted by multo(//)) we mean the number 
of points of intersection near 0 of V {f) with a generic line in C” passing arbitrarily 
close to, but not through, the origin. As f is reduced at 0, this is also the order of f 
at 0—that is, the lowest degree in the power series expansion of f at 0. 

A key-point in the proof of Theorem 11.11 is the following theorem of Le Dung 
Trang and K. Saito (cf. ifTOl ). 

Theorem 1.2 (Le-Saito), If the family {/f} is a jx-constant family of isolated hy¬ 
persurface singularities, then the t-axis C x {0} satisfies Thom’s af condition at 
the origin with respect to the ambient stratum—that is, if {P-t} is a sequence of 
points in (C x C") \ £/ such that 

PA: ^(0,0) and Tp^V{f - f{pk)) ^ T, 
then 7(0,0) (C x {<>}) = C x {0} C 7. 

In this theorem, /o is not required to be homogeneous. As usual, Tp^Vif- 
f{pk)) denotes the tangent space at p^. to the level hypersurface in C x C” defined 
by f{t,z) = f{pk), and 7(o,o)(C x {0}) is the tangent space at (0,0) to C x {0}. 
The notation £/ stands for the critical set of /. 

Theorem II. ll partially answers the following conjecture of B. Teissier ifT^ . 

Conjecture 1.3 (Teissier). Any p-constant family of isolated hypersurface singu¬ 
larities is equimultiple. 

Note that by the Le-Ramanujam theorem IHH . Teissier’s conjecture is a special 
case—at least when n / 3—of the famous Zariski multiplicity conjecture ifT^ . 

Conjecture 1.4 (Zariski’s multiplicity conjecture). Any topologically Y-equisin- 
gular family of (possibly non-isolated) hypersurface singularities is equimultiple. 

Here, a family {/,} is said to be topologically Y-equisingular if there exist open 
neighbourhoods D and U of the origins in C and C”, respectively, together with a 
continuous map (p\ (D xU,D x {0}) —)■ (C”,0) such that for all sufficiently small 
t, there is an open neighbourhood 17? C f/ of 0 G C” such that the map (pt ■ (C?,0) 
((p({t} X 17?),0) defined by <p?(z) := (p(t,z) is a homeomorphism sending T(/o) n 
Ut onto V(ft) r\(pt{Ut). 

For a survey—up fo 2007—on fhe Zariski mulfiplicify conjecfure, we refer fhe 
reader fo 0|. For more recenf resulfs and for a shorf infroducfion fo equisingularify 
fheory for non-isolafed singularifies, see [21- 

In fhe presenf paper, we invesfigafe fhe same quesfion as Gabrielov and Kusnirenko 
for fhe simplesf class of hypersurfaces wifh non-isolafed singularifies—namely, fhe 
hypersurfaces wifh line singularifies. Cerfainly, for such singularifies, fhe Milnor 
number is no longer relevanf. However, in ifTTlfTTl . D. Massey infroduced a se¬ 
ries of polar invarianfs which generalizes fo fhese singularifies—acfually fo sin¬ 
gularifies of arbifrary dimension—fhe dafa confained by fhe Milnor number for 
an isolafed singularify. These polar invarianfs are called fhe Le numbers. Un¬ 
like fhe Milnor number, fhe Le numbers are nof fopological invarianfs (cf. Il3ll. 
However, fhey sfill capfure an imporfanf information abouf fhe singularify (see, 
e.g., UHllIhllTKIIHni). In fhe presenf work, we highlighf new aspecfs of deforma¬ 
tions wifh consfanf Le numbers—namely, we show fhaf fhe fheorem of Gabrielov 
and Kusnirenko exfends fo line singularifies provided fhaf fhe consfancy of fhe 
Milnor number is replaced by fhe consfancy of fhe Le numbers. 
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From now on, we suppose that {ft} is a family of line singularities. As in ifT^ 
§4], by this we mean that for each t near 0 G C the singular locus £/; of /, near 
the origin 0 G C” is given by the zi-axis, and the restriction of /, to the hyperplane 
V (zi) defined by zi = 0 has an isolated singularity at the origin. Then, by ifT^ 
Remark 1.29], the partition of V (f) given by 

y't-={Vift)\Lft,Lft\{0},{0}} 

is a good stratification for fi in a neighbourhood of 0, and the hyperplane V (zi ) 
is a prepolar slice for fi at 0 with respect to d^t for all small t. In particular, 
combined with lIT^ Proposition 1.23], this implies that the Le numbers A°^(0) 
and ^(0) of fi at 0 with respect to the coordinates z do exist. (For the definitions 
of the Le numbers, good stratifications and prepolarity, we refer the reader to ifT^ 
Chapter 1].) Note that for line singularities, the only possible non-zero Le numbers 
are precisely ^(0) and ^(0); all the other Le numbers ^(0) for 2 < k < n — 1 
are defined and equal fo zero (cf. ifT^ l. 

Definition 1.5. We say fhaf fhe family {/,} is Xi-constant — or A-consfanf wifh 
respecf fo fhe coordinafes z —if for all sufficienlly small t, fhe Le numbers 

^iz(O) and Aj^,,(0) 

of ft af 0 wifh respecf fo z are independenf of t. 

Requiring “Az-consfanf” in a family of line singularities is a generalization of 
assuming “/i-consfanf” in a family wifh isolafed singularities (cf. lIT^ l. 

Our generalization of fhe Gabrielov-Kusnirenko fheorem is fhe following. 

Theorem 1.6. Suppose that {fi} is a family of line singularities. Also, suppose 
that the polynomial function fo is homogeneous. Under these assumptions, if, fur¬ 
thermore, the family {fi} is X^-constant, then it is equimultiple. 

Remark 1.7. Assuming fhaf fhe family {/,} is Az-consfanf is nol loo slrong in fhe 
sense fhaf if does nol imply fhe Whifney conditions along fhe t-axis (cf. EllBl). 
(If Ihese condilions were safisfied, Ihen fhe fheorem would immediately follow 
from a fheorem of H. Hironaka f91 which says fhaf any reduced complex analylic 
space endowed wifh a Whifney slrafificalion is equimultiple along every slralum.) 

Theorem 11.61 is proved in Seclion |2l A key-poinf in fhe proof is fhe following 
fheorem of Massey (see ifT^ Theorem 4.5] and ifT^ Theorem 6.5]) which extends 
fo non-isolaled singularifies fhe Le-Sailo fheorem menlioned above. 

Theorem 1.8 (Massey). If {ft} is a X^-constant family of (possibly non-isolated) 
hypersurface singularities, then the t-axis satisfies Thom’s ay condition at the ori¬ 
gin with respect to the ambient stratum. 

In Ihis fheorem, fhe singular locus £/, of fi is nol required fo be 1-dimensional 
al 0. If 5 := dimoL/o, Ihen we say fhaf fhe family {/(} is Az-conslanl if for all 
sufficienlly small t, fhe Le numbers 

of ft al 0 wifh respecf fo z are defined and independenf of t. (Again, for 5 -|- 1 < 
k<n — l, A^^O) = 0, see ifT^ .l 

Theorem l i 6l has fhe following imporfanl corollary which provides a new parlial 
positive answer fo fhe Zariski mulliplicily conjeclure for a special class of non¬ 
isolated singularifies. 
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Corollary 1.9. Suppose that {/,} is a family of line singularities. Also, suppose 
that the polynomial function /o is homogeneous. Under these assumptions, if, fur¬ 
thermore, the family {f} is topologically 'V-equisingular, then it is equimultiple. 

Proof. From ifT^ §4], we know that the family {/(} is A^-constant if and only if the 

O 

Milnor number ^ of a generic hyperplane slice of f at a point on £/, sufficiently 
close to the origin and the reduced Euler characteristic of the Milnor fibre of f at 0 
are both independent of t for all small t. We also know that for line singularities, 

O 

/Ty- is an invariant of the ambient topological type of F(/f) at 0 (cf. 11121 §1]). As 
the reduced Euler characteristic is of course a topological invariant too, and since 
our family {f} is topologically iF-equisingular, it follows that {f} is Az-constant. 
Now we apply Theorem 1 1.61 □ 

2. Proof of Theorem 1 1.61 

It is along the same lines as the proof of Theorem 11.11 given by A. M. Gabrielov 
and A. G. Kusnirenko in [8] with two differences related to the fact that the sin¬ 
gular set £/( is no longer zero-dimensional at 0. The first difference is that, un¬ 
like the Milnor number, the Ee numbers depend on the choice of the coordinates, 
and it is possible that for a prescribed coordinates system, the Ee numbers with 
respect to this system do not even exist. Actually, this is the only reason for the 
restriction of our study to line singularities (cf. Eemma lZTl) . The second difference 
concerns “upper-semicontinuity.” While the Milnor number in a family is upper- 
semicontinuous, the Ee numbers need not be individually upper-semicontinuous. 
They are only lexigraphically upper-semicontinuous (cf. ifTO Example 2.10 and 
Corollary 4.16]). Though this makes the argument a bit more complicated than 
in fRl, we shall see that it is enough to conclude. Einally, as mentioned in the 
introduction, let us recall that a key point in the proof is the theorem of Massey 
fTheorem 11.81) which plays a similar role as that of the Ee-Saito theorem (Theo¬ 
rem [O]) used by Gabrielov and Kusnirenko in the case of isolated singularities. 
We argue by contradiction. Write 

f{t,z) =fo{z)+ Y, Piit)8i{^), 

l<i<r 

where gi is a homogeneous polynomial of the variables z := {zi,...,Zn), Pi is a 
polynomial of the variable t, and r is an integer. Set d := deg(/o) and di := deg(g,). 
If the family {/,} is not equimultiple, then the map 

(Ez) ^ L Piit)gii^) 

l<i<r 

dj<d 

is not identically zero in an arbitrarily small neighbourhood of the origin. Write 
the polynomial pft) as 

Pi{t) = ait^‘ -\-bit’^'^^ -|-higher-order terms, 
where A,- > 0 and at, hi are constants, and set 
K{d - di) 


V := sup 

l<Kr 


ki 


where K is the lowest common multiple of ,..., Clearly, v is a positive integer. 
By reordering, we may assume that there exists an integer m, I < m < r, such that 
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K{d — di)/ki = V for 1 < / < m and K{d — di)/ki < v for m + 1 < / < r. Then, 
consider the polynomial function 

:=/o(z)+ 

l<i<m 

As usual, we write hi{z) :=h{t,z). Note that ho = fo. 

Lemma 2.1. For any sufficiendy small t, the Le numbers of the function ht at the 
origin with respect to the prescribed coordinates system z do exist. 


Proof As ho = /o, the singular set Z/jq is given by the zi-axis while the singular 
set l.{ho\v{zi)) reduces to the origin. This implies that for all t sufficiently small, 
dimoZ/jf < 1 and dimoZ(/j(|y( 2 j)) < 0. Now, it follows from ifT^ Remark 1.29 and 
Proposition 1.23] that the Le numbers ^(0) and ^(0) are defined. □ 

Lemma 2.2. The family {/zj} is not Xi-constant. 


Proof Ofherwise, by Theorem 1 1.81 for any holomorphic curve 

7 : (C,0) ^ (CxC”,(0,0)) 

u 1 -^ y{u) 

nol confained in Lh in an arbifrarily small neighbourhood of fhe origin, we have 
fdh \ 

( 2 . 1 ) ordo ^07 > inf ordo 

\dt J l<j<n 

where ordo(-) is fhe order af 0 wifh respecf fo u. However, if we lake y{u) := 
{u,uzo), where zq is such lhal 

Y ai{d-di)gi{zo) ^0, 

i<i<m 


(F’i 


Ihen 


— o 7 (m)= Y afd-di) 

\<i<m 

while, for all y<i<n, 


.d—di — \ 


gi{uzo) = u‘‘ * Y ai{d-di)gi{zQ), 


\<i<m 


^ oy{u) = ^{uzo)+ Y 


l<f<m 


= U 


d-\ 


1 ( dfo 


dZj 

dgi^ 


dz 


-(zo)+ Y 


\<i<m 

Therefore, for fhis particular curve, fhe inequalily (12.11) is nol satisfied. 


□ 


Lemmas |2. 1 1 and |2^ show fhal fhere exisls a sequence {tq} of poinfs in C \ {0} 
approaching fhe origin such fhal for all sufficiendy large q eilher ^( 0 ) / ^( 0 ) 

■^/lo z(®) 7 ^ ^h, z(®)- Combined wifh fhe lexigraphically upper-semiconlinuily (in 

fhe variable t) of fhe pair of Le numbers {X^^ ^(0), z(0))> d follows fhal for any 

sufficienlly large q, eilher 

( 2 . 2 ) 

or 

(2.3) A;:„,,(0) = and ,,(0) > A«^,,(0). 
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For each q, choose a root Tq of the polynomial — tq, and for any 5 G C, z G C", 
consider the function 

. { S^'"‘^f{{sTqY for 5 / 0 , 

\\(z) for s = 0. 

It is easy to see that ( 5 , z) is a polynomial in the variables s,z. Indeed, for m + 1 < 
i < r, the integer n,- := vkt — K{d — dt) is positive. Now, if we set n,- := 0 for 
1 < / < m, then £‘^{s,z) is the polynomial given by 

/o(z) + ^ + higher-order terms)gi(z). 

l<i<r 

Write ^i(z) := i'^{s,z), and consider the 1-parameter deformation family {£f} with 
respect to the parameter s. As = ht^, for q large enough we have dimoZ^Q < 1 
(see the proof of Lemma ITT]) . Furthermore, as the Le numbers are unchanged if 
we multiply the coordinates z by a non-zero constant, for any sufficiently large q 
and any sufficiently small 5 7 ^ 0 we have: 

(2.4) = for ^g{0,1}. 

Combined with the following lemma, the relation (12.41) shows that the family {/(} 
is not Az-constant—a contradiction. (We recall that /jq = /o-) 

Lemma 2.3. For any sufficiendy large q and any sufficiently small 5 7 ^ 0, either 

<,.(“) O'-<..(“) 

Proof. The lexigraphically upper-semicontinuity (in the variable s) of the pair of 
Le numbers ^(0), z(®)) shows that for all large q and all small 5 7 ^ 0, either 

(2.5) 2^,(0) >A470) 
or 

(2.6) 2^.(0) = 2^,(0) and 2^,(0) > 2^ ,(0). 

Furthermore, we know that for all large q, either (12.21) or (12.31) holds. If (12.21) holds, 
then, as either (12.51) or (12.61) holds too, we have: 

<,.(«) >4‘,,,.(o) = ^c7») >%(“)■ 

If (12.31) holds, then either 

<,z(0) = A4,z(0) = %(0)>Ai,(0) 

(when (12.51) holds), or 

<,z(0)>A°^,z(0) = A°z(0)>A«_,(0) 

(when (12.61) holds). □ 

References 

1. J. Fernandez de Bobadilla, Answers to some equisingularity questions. Invent. Math. 161 (2005), 
no. 3, 657-675. 

2. J. Fernandez de Bobadilla, Topological equisingularity of hypersurfaces with \-dimensional crit¬ 
ical set, Adv. Math. 248 (2013) 1199-1253. 

3. J. Fernandez de Bobadilla and T. Gaffney, The Le numbers of the square of a function and their 
applications, J. Lond. Math. Soc. (2) 77 (2008), no. 3, 545-557. 

4. C. Eyral, Zariski’s multiplicity question—a survey. New Zealand J. Math. 36 (2007) 253-276. 


Topologically equisingular deformations of homogeneous hypersurfaces with line singularities 


7 


5. C. Eyral, Topics in equisingularity theory (to appear). 

6. C. Eyral and M. Ruas, Deformations with constant Le numbers and multiplicity of nonisolated 
hypersurface singularities, Nagoya Math. J. 218 (2015) 29-50. 

7. C. Eyral and M. Ruas, Topological triviality of linear deformations with constant Le numbers 
(to appear) 

8. A. M. Gabrielov and A. G. Kusnirenko, Description of deformations with constant Milnor num¬ 
ber for homogeneous functions, Eunkcional. Anal, i Prilozen 9 (1975), no. 4, 67-68 (Ruslan). 
English translation: Functional Anal. Appl. 9 (1975), no. 4, 329-331. 

9. H. Hironaka, Normal cones in analytic Whitney stratifications, Inst. Hautes Etudes Sci. Publ. 
Math. 36 (1969) 127-138. 

10. Le Dung Trang and K. Saito, La Constance du nombre de Milnor donne des bonnes stratifica¬ 
tions, C. R. Acad. Sci. Paris Ser. A-B 277 (1973) 793-795. 

11. Le Dung Trang and C. P. Ramanujam, The invariance of Milnor number implies the invariance 
of the topological type, Amer. J. Math. 98 (1976) 67-78. 

12. D. Massey, The Le-Ramanujam problem for hypersurfaces with one-dimensional singular sets. 
Math. Ann. 282 (1988), no. 1, 33-49. 

13. D. Massey, The Thom condition along a line, Duke Math. J. 60 (1990), no. 3, 631-642. 

14. D. Massey, The Le varieties, 1, Invent. Math. 99 (1990), no. 2, 357-376. 

15. D. Massey, The Le varieties, II, Invent. Math. 104 (1991), no. 1, 113-148. 

16. D. Massey, Le cycles and hypersurface singularities. Lecture Notes Math. 1615, Springer- 
Verlag, Berlin, 1995. 

17. D. Massey, Numerical control over complex analytic singularities, Mem. Amer. Math. Soc. 163 
(2003), no. 778. 

18. B. Teissier, Cycles evanescents, sections planes et conditions de Whitney, Singularites a Cargese 
(Rencontre Singularites Geom. Anal., Inst. Etudes Sci., Cargese, 1972), pp. 285-362, Asterisque 
7 & 8, Soc. Math. France, Paris, 1973. 

19. O. Zariski, Some open questions in the theory of singularities. Bull. Amer. Math. Soc. 77 (1971) 
481^91. 

C. Eyral, Institute of Mathematics, Polish Academy of Sciences, Sniadeckich 8, 

00-656 Warsaw, Poland 

E-mail address: eyralchrSyahoo . com 



